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Fig. 4 Stagnation pressure variation vs Mach number.
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Fig. 5 Static pressure vs time.

measured. Therefore the original theory should be modified by
accepting some different assumptions. One of the most important
modifications was the inclusion of the curvature-effect of the
tube wall on the mass sources which result from the boundary-
layer growth. So the theoretical treatment can be extended to
longer running times (thicker boundary layers). The results are
typically shown in Fig. 3 and 4 for the variations of static and
stagnation pressure ahead of the nozzle as functions of Mach
number at a running time of 50 msec after opening of the dia-
phragm (see Fig. 2). The different curves shown follow mean
values of the experimental data, Becker's original theory, and
the modified theory which is presented in detail in Ref. 2. For
low Mach numbers the agreement between the modified theory
and the experiments is good. It should not be concealed, however,
that the parameter t chosen in Fig. 3 and 4 leads to rather
favorable results. For other running times the agreement is
poorer. This can be seen from Fig. 5 for the static pressure
variation at different Mach numbers. For short running times
the pressure drop is overestimated. The reason is that the flow
is assumed to be set into motion by an "expansion shock" of
zero extent rather than a finite width expansion wave. Later
this effect is lessened to give a favorable prediction of the pressure
variation.

Summary

To estimate the variations of static and stagnation pressure
at the nozzle inlet of a Ludwieg Tube due to boundary-layer
growth Becker's modified theory is recommended as it is des-
cribed in Ref. 2. Moreover the variations of other thermodynamic
properties of the operating gas can be computed without difficulty.
By systematic linearization in terms of the Mach number M1
the numerical treatment of Becker's theory is considerably
simplified and can be handled on a desk computer.

For calculation which is valid for a specific heat ratio y = 1.4
the following steps have to be taken. 1) Boundary-layer growth
at the nozzle (Karman-Pohlhausen-Method)

2) From the solution of the inhomogeneous wave equation
Ap'/Pl = 0.123M1(1 - D-OWMiXl + H/r+ &2

N/r2)dN/r
(primary compression waves being directly caused by the
boundary-layer). 3) Boundary condition M = 1 in the nozzle
throat

M(f) = M, /1-rtMjajE/A2 '
[1 + 0.2M(02]3 (1 + 0.2M!2)3 V I - 6%/r )

where
<f>(MJ = L31M1

5/2(1 - 0.24MJ; <5* = 0.125(1 + 0.311M ̂
4) Because of reflected waves at the nozzle

Ap" = 7 Mt +
P! 5

5) Resultant pressure and stagnation pressure variations are
Ap/Pi = (Ap' + Ap")/Pi

and
2~3-5
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Proper Equations and Similar
Approximations in the Hypersonic

Merged Layer
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Nomenclature
= nondimensional stream function
= total enthalpy
= freestream Mach number
= static pressure
= Prandtl number

Re/x = Reynolds number per unit length x
U^ = freestream velocity
T = static temperature
u = stream wise velocity component
v = normal velocity component
x = stream wise coordinate
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= normal coordinate
= hypersonic density ratio (7— 1)7(7+1)
= specific heat ratio
= coefficient of viscosity
= density
= nondimensional normal coordinate

Superscripts
— = nondimensional quantities refer to freestream conditions
(0) = zero-order approximation
(1) = first-order approximation

Subscripts
0 = zero-order flow parameters
1 = first-order flow parameters
w = wall conditions
oo = freestream conditions

Introduction

IN studying the flow characteristics in the merged layer region
of a pointed body moving at hypersonic speed, the conven-

tional boundary-layer theory cannot be used. In the merged layer
region, the boundary-layer principle assumptions are violated.
Moreover, boundary-layer secondary effects do not even ade-
quately describe the flow characteristics in the region. Thus we
must resort to the more general Navier-Stokes equations.
Dealing with such equations is a matter of great, if not, of
formidable difficulty.

To produce a system which lends itself to mathematical
analysis (whether numerical or analytical), we have to simplify
the Navier-Stokes equations, witout jeopardizing the physical
behavior of the problem. This can be achieved by performing
an order of magnitude analysis, where the terms of minor effect
may be dropped, while retaining other important terms. To do
so, use is made of known experimental and analytical results
to define some reference parameters.

In the merged layer region, the shock wave is almost
straight.1 In spite of the fact that the shock-wave layer is not
thin compared to the inner viscous layer, we can assume without
introducing appreciable error, that the shock slope ys/x = 0(e1/2).
The pressure, temperature, and density behind the shock layer
are ps = 0^ eM^2), Ts = 0(7; sM^2), and ps = 0(pJ, respec-
tively.

The velocity at the inner face of the shock layer is the sum
of the tangential velocity component and the shear stress,2 due
to slip effects. The upper boundary of the merged layer could
be adequately described by MJRex

112 — 0(1), while the lower
bound is characterized3'4 by M 2/Rex = 0(1).

Analysis
Considering a two dimensional configuration, the Navier-

Stokes equations in Cartesian coordinate system are
Du I dp 1 (2 d ( dv\ 4 d

dv (la)

Dv I dp 1 (2 d ( du\ 4 d ( dv

and the energy equation is
dH dH d ( d Hpu— - + pv— - = T- * —dx dy dy\ dy

(Ic)

Introducing series expansions of the flow parameters in terms
of £

u = u/Uao = u0s~1 + ul + u2£ + ...

(2)
p, =

where subscripts denote order of the relevant parameters.
Substituting Eqs. (2) into Eqs. (1) and collecting coefficients
of equal powers of e, we get, after the introduction of the
transformation

and (3)

The zero-order approximation (coefficients of e°) equations are
d_ ^_ _

dx ° dy °
x momentum:

(4a)

1
'dy

y momentum:

"o -^? + v0 —rdx . dy
2 d

(4b)

48

energy:
dy

8H0

dvo\~\
' W

(4c)

<5#o
D 5y

with boundary conditions

j; = co u0 = e; t?0 = O; H0 = 82; p0 = 1/e
The first-order approximation (coefficients of e1) is
continuity:

d _ d

x momentum:
d d

(4d)

(5a)

8x
_

y momentum:

dxj 3dx\ dy
d_( ^o\_^_( fa±

~, _ I /^o ~^ I -i -1 A^o o -cty\ cyy 03; V 03;
(5b)

8v 4 8 / dv,\ 2 8 ( 8u
-

energy:
d d.

~:(»o~ (5c)

8y
d l

8̂y
(5d)
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with boundary conditions

It is seen from system of Eqs. (4) that even in the zeroth
approximation, the transfer momentum takes part in determining
the flow characteristics in the merged layer. Also system (4) shows
that the transverse pressure gradient is of zero order effect.
System (5) shows the stream-wise pressure gradient to be of first-
order effect (secondary importance in influencing the flow
behavior).

Systems (4) and (5) reveal that while the zero-order system of
equations are nonlinear, the first-order system of equations are
linear (with respect to the first-order variables). To write the
governing system of equations in a form more amenable to
mathematical analysis, let's introduce the new independent
variable rj, such that

TECHNICAL NOTES

1 P-,,-= -\ pdy (6)

Affecting this change of variables means that the governing
equations are to be transfered from the (x, y) plane to the (x, rj)
plane. Also introducing the nondimensional stream function
/(x, r\) such that

f,(0) = u0; f™ = ui; .o = (-VPm(0)+/(0)] (7)
-<1)+/(1)] and /(x,i/)=/(0)e-1+^1> (8)

where superscripts denote order of approximation. Employing
the transformation, we obtain (for compactness, we write only
the zero-order equations)
x momentum:

f (0 (Oh

r\ momentum:

(0) ,
~

(0) i
~

(0) , (0)f (0) _
~

*Moo [y dy

energy:

f (0)rj ( 0 ) _ f ( 0 ) r j (0) _ If(0)tJ (0) _ __P__ } TT ( 0 ) ,
Jr, nx Jx n

n -J nn — +2M

/ I

(9c)

with boundary conditions
•, = 0; /,(0) =

> = 0
where in deriving the preceding equations, the assumptions
(Px/P) ^ 1 an(l (Pr,/P) ^ 1 have been employed. This is in co-
ordination with the physical phenomenum.

The form of Eqs. (9) suggests a test for whether similarity
conditions may prevail or not (at least to zero order). Pro-
ceeding for the similarity existance test, we assume the following
forms:

fW = xnF(rj); H(0) = xmg(rj); ^ = xma(ri) (10)
where n and m are constant quantities.

Substituting into system of Eqs. (9), we see that similarity
exists for momentum and energy, whenever one of the following
set of conditions is satisfied:

Pr= 1
= n+l

Pr = any constant other than unity
n=l; m = 2
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(11)

(12)

Either of conditions (11) or (12), if satisfied will give complete
similarity (similarity in both momentum and energy).

Condition (11) shows that an infinite combinations of values
of the constants m and n give similarity. To see, if either of the
similar situations stated previously could really exist, we first
should bear in mind that the merged region is bounded by
0 < x < 0(1), i.e. near the kinetiocregion (lower bound), x is
mainly a fraction. In this domain (adjacent to the kinetic region)
condition (12), if realized, will give increasing wall shear stress,
and heat transfer in the downstream direction. The same situation
will prevail in the domain adjacent to the strong interaction
region (but with different proportions). Such behavior violates
the physical trend. Consequently, condition (12) can't truely
simulate the physical problem, since the wall shear stress and
heat transfer should decrease in the downstream direction. On
the other hand, condition (11) may give solutions whose general
trend coincides with the characteristics of the flowfield, if and
only if, the constants n and m satisfy the inequalities n < — 1
and m < 0.

If condition (11) is to exist, Eqs. (9) takes the similar form
jc momentum:

] momentum:
(13a)

energy:
(n+ 1)[#F-#T] = (p/M00

2)[aV + ̂ "] (13c)
where in the preceding equations primes denote differentiations
with respect to r\. In the above derivations, the assumptions of
negligible variation of p with x and r\ was employed.

Equation (13a) although, similar in form to the conventional
boundary layer equation, it gives inconsistent description of the
flowfield. In order to satisfy condition (11), the inequalities,
(n+ 1) < 0 and n < — 1, must be enforced. Employing such con-
ditions to Eq. (13a) reveals that the inertia force and the viscous
force are in the same direction, a situation, which violates
the physical behavior. Moreover, the stream-wise pressure
gradient term is shown to adverse, which in itself contradicts
condition (11). This gives enough evidence that the similar
Eqs. (13) fail to describe adequately the flow parameters
variations in the transverse direction of the merged layer region.

Conclusion
The similar solution approach has shown that although it

yields proper variations of flow parameters in the stream-wise
direction, it fails to predicts such variations in the transverse
direction.

The conclusion that can be drawn from this analysis is that
determination of the flow characteristics in the merged layer
region should be accomplished by solving the complete zero
order Eqs. (9). More accurate results can be obtained by adding
the first order solutions of Eqs. (5) and (6). As well realized,
such solutions can only be achieved by numerical means.

References
1 Garvine, R. W., "Hypersonic Viscous Flow Near a Sharp Leading

Edge," AIAA Journal, Vol. 2, No. 9, Sept. 1964, pp. 1660-1661.
2 Waldron, H. F., "Viscous Hypersonic Flow Over Pointed Cones

at Low Reynolds Numbers," AIAA Journal, Vol. 5, No. 2, Feb. 1967,
pp. 208-218.



1100 AIAA JOURNAL VOL. 10, NO. 8

3 Raat, J. and Pasiuk, L., "Rarefaction Effects in Hypersonic
Boundary Layers," AIAA Journal, Vol. 4, No. 11, Nov. 1966,
pp. 2052-2054.

4 Hakure, O., "Leading Edge Effects in Rarefied Hypersonic Flow,"
Rarefied Gas Dynamics, edited by J. A. Laurmann, Vol. II, 1963,
pp. 181-193.

5 Shoronstein, M. L. and Probstein, R. F., "Hypersonic Leading
Edge Problem," AIAA Journal, Vol. 6, No. 10, Oct. 1968, pp. 1898-
1906.

An Advanced Stochastic Model for
Threshold Crossing Studies of

Rotor Blade Vibrations

GOPAL H. GAONKAR*
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A STOCHASTIC model to analyze turbulence excited rotor
blade vibrations, previously described by the authors, has

been generalized and amplified to include nonuniformity of the
atmospheric turbulence velocity across the rotor disk in longi-
tudinal direction.

The authors1 have previously solved the problem of threshold
crossing expectations of rotor blade flapping response to atmo-
spheric turbulence. The theory pertained to high rotor advance
ratios and low-rotor lift, where a linear description is adequate
and where turbulence excited blade vibrations are severe. In the
earlier stochastic model it has been assumed that the vertical
turbulence velocity at a given point in time is uniform over the
rotor disc. This assumption limited the theory to turbulence
scale lengths which are large as compared to the rotor radius.
In the following a less restrictive stochastic model is described
where correlations between vertical turbulence velocities across
the rotor disk in the longitudinal direction are considered.

As before, the widely used von Karman vertical turbulence
spectrum is approximated by one with an exponential auto-
correlation function and zero mean

The associated two-sided spatial power spectral density is
{Sx(w)/<j2} dcor = {2L/7i[4 + (cor L)2]} dcor (2)

A = w/QjR is the dimensionless vertical turbulence velocity, Q is
the angular rotor speed, R the rotor radius, L is the longitudinal
turbulence scale, L/2 the vertical turbulence scale. The integral
over Eq. (2) from — oo to + oo is one. If r is the longitudinal
displacement of the rotor center and if the flight velocity V is
uniform, we have r = Vt/£l, where t is the dimensionless time with
1/Q as time unit. Defining the timewise dimensionless circular
frequency co associated with the spatial circular frequency wr by
coQ = a)r V, one obtains from Eq. (2) the two-sided timewise
power spectral density for the nondimensional vertical turbulence
velocity A

where
))/&% } dco = {a/n(a2 + co2)} dco

a = 2V/&L = 2/V(L/£)

(3)

(4)
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l_i = V/QR is the rotor advance ratio. The spectrum Eq. (3) can
be obtained by passing white noise through the first order filter

A + cd = (j^(2a)1/2n, with Rn(i) = d(i) (5)
The integral over Eq. (3) from — oo to +00 is again one.
Assuming that the dynamics of the rotor is given in state
variable form by

X(t) = A(t)X(t) + B(t)l(t) (6)
where X(t) is the state vector with components X1,X2,...a.nd
with initial state X(Q), where A(f) is the periodic state matrix,
where B(f) is the periodic coupling matrix relating the input
vector k(t) assumed to have zero mean to the rate of state vector,
one can express the response covariance matrix by

= f °
J -

(7)

H(w, t) is the response vector to the input l(t) = u(t) exp ia>t, u(t)
being the unit step function. Equations (6) and (7) are matrix
generalizations to the expressions given earlier.1 For the blade
flapping problem X1 = ft, X2 = ft, Xl = )8, X2 = JB etc. Once the
response covariance matrix is known, and assuming that the
input A(t) is Gaussian, it is easy to compute the threshold crossing
expectations for any response quantity.1'2 If Xt = Xk, then the
expected number of positive crossings of the level C per unit
time isf

exp[-(C/<Tt)2/2(l-rtt
2)]

pa-iv,*)1'2]}) (8)
If the filter Eq. (5) is included in the dynamic matrk Eq. (6)

one has the case of white noise input, for which the response
variance Rxx(t, t) = P(t) can be determined from3 ~ 5

P(t) = A(t)P(t)+P(t)AT(t)+B(t)BT(t\ (9)
with zero initial state. The response covariance matrk is then
obtained from

(10)

where 6(t, T) is the state transition matrix defined by 6(t, T) =
A(f)3>(t, T), €>(T, T) = /. Under certain conditions the evaluation of
Eqs. (9) and (10) requires less computational effort than that of
Eq.(7).

So far we have merely generalized the previous stochastic
model1 to arbitrary many degrees of freedom. Now let. us assume
that the blade, instead of being subjected at each point in time
to the vertical turbulence velocity A at the rotor center, is subjected
to the turbulence velocity at the 0.7 radius station, whereby
this velocity is assumed to be uniform in the lateral direction,
an assumption often made in aircraft turbulence response
analysis. We now determine the response of the rotor blade as it
passes through a space wave,

l(r) = u(r) exp i(Dr r (11)
With the previous assumptions r = Vt/Q. and coQ = cor V this is

./ROSinnt

(7RQ Fig. 1 Forward component of
blade velocity at 0.7K.

f Equation (30) in Ref. 1, which corresponds to Eq. (8) herein has
two printing errors: %n should be%7i, i(27t)1/2 should be%(27r)1/2.


